
Controlled Grammars 
      

Informal Definition 
 
Label Condition Kernel  FT FF 
         
    l     Q( , , )    A(  , , )  —> B( , , )  LT LF 
 
Parameters (variables and functions) are shown in parenthesis. 
 
If condition Q is true, production with label l is applied and we go to the  
production with label from LT. 
 
If Q is not true, production l does not apply and we go to the production  
from LF. 
 
Values of parameters are changed when we apply productions. 
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Controlled Grammars 
         
A controlled grammar G is the following eight-tuple: 

G = (VT, VN, VPR , E, H, Parm, L, R), 

where 
 VT  is the alphabet of terminal symbols; 
 VN is the alphabet of nonterminal symbols, S (from VN) is the start symbol; 
 VPR  is the alphabet of the first order predicate calculus PR: 

 VPR  = Truth UCon UVar UFunc UPred U{symbols of logical operations}, 

   where  
   Truth are truth symbols T and F (these are reserved symbols); 
   Con are constant symbols; 
   Var are variable symbols; 
 Func are functional symbols (Func = Fcon UFvar). Functions have an 

attached non-negative integer referred to the arity indicating the number 
of elements of the domain  mapped onto each element of the range. A 
term is either a constant, variable or function expression. 
A function expression is given by a functional symbol of arity k, 
followed by k  terms, t1, t2,..., tk, enclosed in parentheses and separated 

by commas; 
Pred are predicate symbols. Predicates have an associated positive integer 

referred to as arity or “argument number” for the predicate. Predicates 
with the same name but different arities are considered distinct. An atom 
is a predicate constant of arity n, followed by n terms, t1, t2,..., tn, 

enclosed in parentheses and separated by commas. The truth values, T 
and F, are also atoms. Well-formed formulas (or WFF) are atoms and 
combinations of atoms using logical operations; 

 H  is an interpretation of PR calculus on the set E, 
 Parm  is a mapping from VT UVN  in 2Var matching with each symbol of the alphabet  
  VT UVN  a set of formal parameters, with Parm(S) = Var; 

 L is a finite set called the set of labels; 
 R is a finite set of productions, i.e., a finite set of the following seven-tuples: 

(l, Q, A—>B, πk, πn, FT, FF). 
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Controlled Grammars  
        

(l, Q, A—>B, πk, πn, FT, FF). 

  Here 
l  (from L) is the label of a production; the labels of different productions are 

different, and subsequently sets of labels will be made identical to the 
sets of productions labeled by them; 

Q  is a WFF of the predicate calculus PR , the condition of applicability of 
productions; Q contains only variables from Var  which belong to 
Parm(A); 

   A—>B  is an expression called the kernel of production, where 
    A   is from VN; 
    B  is from (VT U VN)* is a string in the alphabet of the grammar G; 

πk  is a sequence of functional formulas corresponding to all formal 
parameters of each entry of symbols from VT UVN into the strings A and 

B  (kernel  actual parameters); 
πn  is a sequence of functional formulas corresponding to all formal 

parameters of each functional symbol from Fvar (non-kernel actual 
parameters); 

FT  is a subset of L of labels of the productions permitted on the next step of 

derivation if Q = T (“true”); it is called a permissible set in case of 
success; 

FF  is a subset of L of labels of the productions permitted on the next step of 

derivation if Q = F (“false”); it is called a permissible set in case of 
failure. 

 
Structure of a typical controlled grammar 

          
  L     Q Kernel, πk πn FT  FF 
        
 
   li    Qi                  A( , , ) —>B( , ,)      
        
 VT = ... VN = ... VPR = ... 

 E  is ... Parm: ... 
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The Tower of Hanoi Problem 
 

The problem is as follows. There are three pivots a, b, and c. On 
the first one there is a set of n disks, each of different radius. 
The task is to move all the disks to the pivot c moving only one 
disk at a time. In addition, at no time during the process may a 
disk be placed on top of a smaller disk. The pivot c can, of 
course, be used as a temporary resting place for the disks. 
 

a b c

3
2
1

 
 

Let us designate an elementary step of moving disk number i from the pivot x to 
the pivot y as p(i, x, y), a terminal symbol with parameters. Thus a solution of the 
Tower of Hanoi Problem might be represented as the following string of symbols 
with parameters: 

p( i1, x1, y1)p( i2, x2, y2)...p( im, xm, ym). 
This is the string of the language of all possible sequences of moves. Consider the 
controlled grammar shown in Figure 4. We will apply this grammar for derivation 
of a solution for the case of three disks: n =3, x = a, y = c. It means that the values 
of parameters for the starting symbol S are S(3, a, c).  
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Controlled grammar generating solutions  
to the Tower of Hanoi Problem 

          
 L  Q Kernel, πk  πn FT FF 
        
 1 Q1 S(n, x, y)   –> A(n, x, y)  2 ø 
             
 2 Q2 A(n, x, y)  –> A(f1(n), x, f2(x, y))      2  3 
   p(n, x, y) 
   A(f1(n), f2(x, y), y) 
          
 3 Q3 A(n, x, y)  –> p(n, x, y)    2 ø 
               
Here  VT = {p} 
 VN = {S, A} 
 VPR 
  Pred = {Q1,Q2,Q3}, 

   Q1 = T 
   Q2(n) =T,  if n > 1; Q2(n) = F,  if n = 1. 
   Q3(n) =T,  if n = 1; Q3(n) = F,  if n > 1. 
  Var =  {n, x, y} 
  F = Fcon ∪ Fvar, 
   Fcon = {f1,f2}  
    f1(n) = n – 1, n = 2, 3,... 
    f2(x, y) yields the value from {a, b, c} – {x, y},  
     where values of 
     x, y are from {a, b, c} 
   Fvar = {3, a, c} 
 E = Z+∪{a, b, c} 
 Parm:  S –>Var,   A –>Var,   p –>Var 
 L={1, 2, 3} 
 At the beginning of derivation:  x = a, y =  c, n = 3. 
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Derivation of a solution in case of n = 3: 

 
 S( 3, a, b) 1=> A(3, a, c)2=> A(2, a, b)p(3, a, c)A(2, b, c) 
     2=> A(1, a, c)p(2, a, b)A(1, c, b)p(3, a, c)A(2, b, c) 
 3=> p(1, a, c)p(2. a, b)A(1, c, b)p(3, a, c)A(2, b, c)  
 3=> p(1, a, c)p(2, a, b)p(1, c, b)p(3, a, c)A(2, b, c)   
     2=> p(1, a, c)p(2, a, b)p(1, c, b)p(3, a, c)A(1, b, a) 
    p(2, b, c)A(1, a, c) 
 3=> p(1, a, c)p(2, a, b)p(1, c, b)p(3, a, c)p(1, b, a) 
    p(2, b, c)A(1, a, c)  
   3=> p(1,a, c)p(2,a, b)p(1, c, b)p(3, a, c)p(1, b, a) 
    p(2, b, c)p(1, a, c). 
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Derivation of a solution in case of n = 4: 
 

 S( 4, a, c) 1=> A(4, a, c)2=> A(3, a, b)p(4, a, c)A(3, b, c) 
 
A(3, a, b) 2=> A(2, a, c)p(3, a, b)A(2, c, b) 
  2=> A(1, a, b)p(2, a, c)A(1, b, c)p(3, a, b)A(2, c, b) 
 3=> p(1, a, b)p(2, a, c)A(1, b, c)p(3, a, b)A(2, c, b)  
 3=> p(1, a, b)p(2, a, c)p(1, b, c)p(3, a, b)A(2, c, b)   
  2=>p(1, a, b)p(2, a, c)p(1, b, c)p(3, a, b)A(1, c, a)p(2, c, b)A(1, a, b) 
 3=> p(1, a, b)p(2, a, c)p(1, b, c)p(3, a, b)p(1, c, a)p(2, c, b)A(1, a, b)  
  3=> p(1, a, b)p(2, a, c)p(1, b, c)p(3, a, b)p(1, c, a)p(2, c, b)p(1, a, b). 
 
2,..,3=> p(1,a, b)p(2,a, c)p(1, b, c)p(3, a, b)p(1, c, a)p(2, c, b)p(1, a, b) 
  p(4, a, c)A(3, b, c) 
 
A(3, b, c) 2=> A(2, b, a)p(3, b, c)A(2, a, c) 
  2=> A(1, b, c)p(2, b, a)A(1, c, a)p(3, b, c)A(2, a, c) 
 3=> p(1, b, c)p(2. b, a)A(1, c, a)p(3, b, c)A(2, a, c)  
 3=> p(1, b, c)p(2, b, a)p(1, c, a)p(3, b, c)A(2, a, c)   
  2=>p(1, b, c)p(2, b, a)p(1, c, a)p(3, b, c)A(1, a, b)p(2, a, c)A(1, b, c) 
 3=> p(1, b, c)p(2, b, a)p(1, c, a)p(3, b, c)p(1, a, b)p(2, a, c)A(1, b, c)  
  3=> p(1, b, c)p(2, b, a)p(1, c, a)p(3, b, c)p(1, a, b)p(2, a, c)p(1, b, c). 
 
2,..,3=> p(1,a, b)p(2,a, c)p(1, b, c)p(3, a, b)p(1, c, a)p(2, c, b)p(1, a, b) 
  p(4, a, c) 
    p(1, b, c)p(2, b, a)p(1, c, a)p(3, b, c)p(1, a, b)p(2, a, c)p(1, b, c). 
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Mathematical Induction 
        
Let’s prove by induction that 1+2+3+...+n = n(n+1)/2 
        
1. For n=1 this is true: 1=1(1+1)/2 
 
2. Assume that the statement is true for n = m, i.e., 
 1+2+3+...+m = m(m+1)/2 
 
3. Let’s prove that the statement is true for n=m+1. 
 Indeed, from the assumption 2. we have 
 1+2+3+...+m + (m+1) = m(m+1)/2 + (m+1) = 
 (m/2+1) (m+1) = [(m+2)/2](m+1) = (m+1)(m+2)/2. 
The statement is proved for n= m+1. 
 

4. By induction we conclude that this statement is true for all n = 1, 2, 3, ... 
 
 

        
Consider the following problem: 

1+3+5+7+ ... + (2n – 1) = ? 
 Find the answer and prove by induction. 
        
 

Solution 
1.  1 = 12 

 
2.  Assume that 1 + 3 + 5 +...+ (2m - 1) = m2 

 
3. 1+2+3+...+(2(m+1) - 1) = 1+2+3+...+ (2m -1) + (2m+1) = m2 + (2m +1) = 
 m2 + 2m +1 = (m +1)2  
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Consider grammar G = (VT, VN, P, S),  VT = {a, b}; VN = {S}. 
(1)  S —> aSb,  
(2) S —> ab 

Prove that anbn is the only language, which can be generated by this grammar. 
 
1.  We can easily check that our atement is true for k = 1, i.e., all the strings of 

this language of the length 2 = 2*1 are as follows: ab. 
2.  Assume that our statement is true for k ≤ n, i.e., all the strings of this 

language of the length 2k ≤ 2n are as follows: akbk. 
3.  Let us prove that all the strings of this language of the length 2k = 2(n+1) are 

as follows: an+1bn+1.  
Consider an arbitrary string Z of this language of length 2(n+1). Let us reconstruct 
derivation of this string by going backward from the last step. In the course of 
derivation of this string the very last production applied has been production (2) 
because final string does not include non-terminal symbol S. Thus, the last step has 
been: 
(*)     XnSYn 2—> XnabYn     ( = Z) 
where length |XnYn| = 2n. Obviously, XnYn may include only terminals because 
productions (1) and (2) may generate strings, which include only one nonterminal 
symbol S or non of them. The only production that allows us to keep nonterminal S 
in the string is production (1). Thus, the previous step has been  
(**)     Xn-1SYn-1 1—> Xn-1aSbYn-1,
where  
(***)    Xn-1a = Xn , bYn-1 = Yn  
           and the length |Xn-1Yn-1| = 2(n-1).  
Instead of applying (**), let us apply production (2) to the same string: 

       Xn-1SYn-1 2—> Xn-1abYn-1. 
Thus, Xn-1abYn-1 is a string of terminal symbols and its length |Xn-1abYn-1| = 2n. 
From the assumption of induction 2. we conclude that this string must look like  
Xn-1abYn-1 = anbn and, consequently, Xn-1 = an-1, Yn-1 = bn-1 . From (***) we 
conclude that Xn = an, Yn = bn. Thus, from (*) Z = XnabYn = an+1bn+1. 
 
4. By the principle of mathematical induction we conclude that this statement is 
true for all k = 1, 2, 3, ... 
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Induction for the Tower of Hanoi problem 
Let’s prove that the grammar generates a solution of this problem in general 
case. We shall prove by induction. 
 
1. We proved that the grammar generates a solution of this problem for n = 3. 
 
2. Assume that the grammar generates a solution for n = m. 
 
3. Let’s prove that it generates a solution for n = m+1 
 Consider the derivation in case of n = m+1: 

S( m+1, a, c) 1=> A(m+1, a, c) 2=> A(m, a, b)p(m+1, a, c)A(m, b, c). 
 Obviously, the subsequent application of the grammar to the symbol A(m, 

a, b) will generate the string of symbols. According to the assumption of 
induction (2) this string corresponds to the solution of the Tower of Hanoi 
problem with m disks on the pivot a. These disks must be moved to the 
pivot b. 

a b c

}m

m+1

 

a b c

}m

m+1

 



 11

 

a b c

}m

m+1

 
 

When these disks are moved to the pivot b we can apply p(m+1, a, c), i.e., we 
can move disk m+1 from pivot a to pivot c. 

a b c

}m

m+1
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 S( m+1, a, c) 1=> A(m+1, a, c) 2=> A(m, a, b)p(m+1, a, c)A(m, b, c). 
 
The subsequent application of the grammar to the symbol A(m, b, c) will 
generate the string of symbols. According to the assumption of induction 2 
this string corresponds to the solution of the Tower of Hanoi problem with m 
disks on the pivot b. These disks must be moved to the pivot c. 

a b c

}m

m+1

 

a b c

}m

m+1

 
 
It means that the grammar generates a solution for n = m+1. 
 
4. Conclusion: by induction the grammar generates a solution of the Tower of 
Hanoi problem for all n = 1, 2, 3, ... 
 
 
 
More details about controlled grammars can be found in the book: Stilman, B., 
"Linguistic Geometry: From Search to Construction", Kluwer Academic 
Publishers (now Springer), 2000. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


